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GRZEGORZ BANASZAK 

j^jfjj Abstract. In this paper we study the divisibility and the wild kernels in al- 

_ gebraic K-theory of global fields F. We extend the notion of the wild kernel 

to all K-groups of global fields and prove that Quillen-Lichtenbaum conjecture 
for F is equivalent to the equality of wild kernels with corresponding groups 
of divisible elements in K-groups of F. We show that there exist generalized 
Moore exact sequences for even K-groups of global fields. Without appealing 
to the Quillen-Lichtenbaum conjecture we show that the group of divisible ele- 
ments is isomorphic to the corresponding group of etale divisible elements and 
we apply this result for the proof of the Urn 1 analogue of Quillen-Lichtenbaum 
conjecture. We also apply this isomorphism to investigate: the imbedding 
obstructions in homology of GL, the splitting obstructions for the Quillen lo- 
calization sequence, the order of the group of divisible elements via special 
values of £p(s). Using the motivic cohomology results due to Bloch, Friedlan- 
der, Levine, Lichtenbaum, Morel, Rost, Suslin, Voevodsky and Weibel, which 
established the Quillen-Lichtenbaum conjecture, we conclude that wild kernels 
are equal to corresponding groups of divisible elements. 



1. Introduction 

Let I be a prime number and let F be a global field of characteristic char F ^ I. 
If I = 2 we assume that //4 C F. The main goal of this paper is to establish general 
results concerning divisibility and wild kernels in algebraic K-theory of global fields. 

It has already been shown by Bass (B|, Tate |Ta2| and Moore (see [Mil p. 157]) 
that for a number field F the group K%{F) and in particular the group of divisible 
elements and the wild kernel in K% (F) are closely related to arithmetic of F and the 
Dedekind zeta Cf(s) at s = —1. The divisible elements for the Galois cohomology 
of number fields and local fields in the mix characteristic case were introduced in 
|Sch2| . The divisible elements and wild kernels for the odd torsion part for the even 
higher K-groups of number fields were introduced in [Bal | and |Ba2j . The results 
of Bass [B], and Moore (see |Mi[ p. 157]) concerning the divisible elements and 
the wild kernel for K2 where extended in |Ba2| to higher even K-groups of number 
fields F and values of Cf(s) at negative odd integers. The etale wild kernel as a 
Shafarevich group in Galois cohomology of number fields was introduced in |Ng| . 
The work in [Balj . |Ba2j . |Ng| and |Sch2| was carried out under assumption I > 2. 
The wild kernels for the 2-primary part for the higher, even K-groups of number 
fields were introduced in |Os| and in |We3] were studied for alH > 2. 
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In this paper we investigate the wild kernels and the divisible elements for even 
and odd K-groups of global fields and for all Z > 2 (see Theorems 11.11 - 11.111 and 
Corollary |1.12l in this introduction for the statement of main results). These results 
are new in the char F > case and some of them are new in the char F = case for 
I > 2. Some of these results have already been known in the charF = case, often 
for I > 2, so we make corresponding references in this introduction. The Theorems 
11.11 - ll.8[ Theorems 11.101 - 11.111 and Corollary 11.121 are proven without appealing 
to the Quillen-Lichtenbaum conjecture. The Theorem 11.91 is a consequence of the 
Quillen-Lichtenbaum conjecture that in turn resulted from the Voevodsky results 
|V1| . |V2| and the motivic cohomology results due to Bloch, Friedlander, Levine, 
Lichtenbaum, Morel, Rost, Suslin, Voevodsky, Weibel, and others (see e.g. |BL| cf. 
[RWl Appendix B], [Q, [HE], [R], [VSF] . [Wei]) 

It was shown in |Ba2| and p3GKZ| in the case of number fields that the Quillen- 
Lichtenbaum conjecture for odd torsion part of the even K-groups is equivalent 
to the isomorphism between corresponding wild kernels and divisible elements. C. 
Weibel |We3| and K. Hutchinson |Hu] worked on wild kernels and divisible elements 
in the K-theory of number fields for I > 2. C. Weibel |We3] computed the index 
of the the group of divisible elements in the corresponding wild kernel for even K- 
theory of number fields for the 2-primary part. The key ingredients in his proof were 
the results on motivic cohomology that led to the computations of the 2-primary 
part of Quillen K-theory (cf. [KW]). In this paper we show (see Theorem II .9[) 
that the wild kernel is isomorphic to the divisible elements in K-groups of global 
fields for all indexes n > 1 and I > 2 (assuming /14 g F in the case of the 2-primary 
part). To prove this we show that, under our assumptions, the Quillen-Lichtenbaum 
conjecture is equivalent to the isomorphism between wild kernel and the divisible 
elements. In the number field case Theorem 11.91 follows from |Ba2] (for / odd) and 
[WiS] , [Hu] (for I = 2). 

Recall that the divisible elements in K-groups of number fields are in the center 
of classical conjectures in algebraic number theory and algebraic K-theory. Indeed, 
the conjectures of Kummer-Vandiver and Iwasawa can be reformulated in terms of 
divisible elements in even K-groups of Q |BG1| . p3G2j. We have already pointed 
out in |Ba2[ p. 292], that the group of divisible elements in an even K-group of 
a number field F is an analogue of the class group of Of- Moreover, as shown in 
section 6 of this paper, there is a positive integer No such that for every positive 
integer N, such that Nq \ N, there is the following exact sequence: 

-> K 2n (0 F ) -> K 2n (F)[N] -► K 2n ^(k v )[N] ->■ D(n) -► 0. 

V 

Recall that the class group CI(Of) appears in the classical exact sequence: 
-> Kx{O f ) -> Ki(F) -> K (k v ) -> CI (Op) -> 0. 

V 

In addition, as already mentioned above, the conjecture of Quillen-Lichtenbaum 
can be reformulated in terms of the wild kernels and divisible elements (see also 
Theorem 15.101 for more detailed presentation) . At the last but not the least we 
would like to point out the close relation of divisible elements and the Coates- 
Sinnott conjecture |Bal| . |BP] . 
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The organization of the paper is as follows. In chapter 2 we introduce basic 
notation and recall some classical facts about the cohomological dimension. In 
chapter 3 we extend results of P. Schneider |Sch2) concerning the divisible elements 
in Galois cohomology (in |Sch2| the assumption was charF = and I > 2). Namely 
we obtain Theorem 13.51 and Corollary 13.61 which lead us to the following analog of 
the classical Moore exact sequence (see |Mi[ p. 157]) for higher etale K-theory: 

Theorem 1.1. Let n > 1. For every finite S D Soo,l there are exact sequences: 
-> D et (n) -> Kf n (0 F , s ) -> W n (F v ) -> W n (F) -> 0. 

v£S 

-> D et (n) -> Kf n (F)i -> W n (F„) -> W™(F) -> 
where D et (n) := div K^ t {F)i„ In particular: 

\kH(Qf,s)\ _ lILeWflJir 1 

iz? et (n)i M^ir 1 

In chapter 4 we investigate the divisibility in K-theory and etale K-theory of F. 
Let 

D(ra) := divK 2n {F). 

For every fc > define: 

D(n,l k ) := ker(F 2 „(0 F , 1/l k ) -> K 2n (F, Z/l k )), 

D et (n,l k ) := ker(^ 2 t(C» F [l/i], Z// fe ) -► ^(F, Z// fc )). 

The following result shows that the Dwyer-Friedlander homomorphism is an iso- 
morphism when restricted to the groups D(n, l k ) and div K2 n (F)i '■ 

Theorem 1.2. If I > 2 thenW k > 1 i/iere is the following canonical isomorphism: 

D(n,l k ) = D et (n,l k ) 

If I = 2 i/ien V fc > 2 i/iere is £/ie following canonical isomorphism: 

D(n,2 k ) = D et (n,2 k ) 

If I > 2 i/ien i/iere is i/ie following isomorphism D(n)i = D et (n) or more explicitly 

divK2n(F)i = divK% n (F\ 

The last isomorphism of Theorem 1 1 . 21 extends }Ba2| Theorem 3] which was my joint 
result with M. Kolster. The Theorem 3 of |Ba2| concerned the number field case 
and I > 2. By Theorem 11.21 and Corollary 13. 61 (see section 3) the divisible elements 
are expressed in terms of Tate-Shafarevich groups for all n > : 

D(n)i £* D et (n) Si D n+1 (F) = mJ(F ) Z,(n + 1)) = HI 2 (F,Z;(n + 1)). 

We also get the following lim 1 analogue of the Quillen-Lichtenbaum conjecture. 
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Theorem 1.3. For every n > 1 there is the following isomorphism: 

(1) Hm 1 K n (F, Z/l h ) -=> ]ha K^(F,Z/l h ). 

k k 

Moreover there is the following equality: 

(2) ^m 1 K2n(F, Z/l k ) = 

k 

and the exact sequence: 

(3) -> D(n) ; -> Urn 1 K 2n +i{F, Z/l k ) -> Urn 1 K 2n (k v ,Z/l k ) -> 

fc ^ 

Theorem 11.31 for the number field case and Z > 2 was proved in [BZlJ. 
In the end of chapter 4 we show that the natural maps: 

H 2n (GL{0 F ), Z/l k ) -> H 2n {GL(F),Z/l k ) 
are not injective in general. We have the following theorem: 

Theorem 1.4. For every n > 1, fc > 1 and Z > n+ 1 the kernel of the natural map 

(4) H 2n (GL(0 F ),Z/l k ) -> H 2n (GL(F),Z/l k ) 
contains a subgroup isomorphic to D(n,l k ). 

In particular we show that the maps: 

H 22 {GL{Z), Z/691) -> H 22 {GL{Q), Z/691) 

H 30 {GL{Z), Z/3617) ->■ H 30 (GL(Q), Z/3617) 

are not injective. Moreover let E/¥ p be the elliptic curve y 2 = x 3 + 1. For p > 5 
and p = 2 mod 3 this curve is supersingular. If i* 1 = F P (_E) is the function field of 
_E then we show that the following maps are not injective: 

H 6 (GL(0 ¥2g(E) ), Z/5) -► ff 6 (GZ(F 29 (£)), Z/5), 

H 10 {GL(Pt^ B) ), Z/7) H w (GL(¥ i i(E)), Z/7). 

For p > 3 and p = 3 mod 4 the elliptic curve y 2 = + x is supersingular. In 
particular we show that the following map is not injective: 

H 6 (GL(O fMe) ), Z/5) -> ff 6 (GL(F 19 (F)), Z/5). 
In chapter 5 we define wild kernel K™(Of)i for all n > : 

V 

and observe that: 

divK n (F)i c ^(O f )i C K n (0 F )i. 

Further, we obtain the analogue of the classical Moore exact sequence for higher 
K-groups: 
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Theorem 1.5. For every n > 1 and every finite set S D Scxd,i there are the following 
exact sequences: 

(5) KZ(O f )i -»■ F 2 „(0 F , S ) ; ->0r(F„) W n (F) 0. 

i>6S 

(6) -+ if 2 ;(0 P ), -> Jfan^j -> VK"(F„) -> -> 0. 
In particular: 

(7) \K 2n (OF,s)i\ _ l U ve s^(F v ) l - 1 
{ > \K&{Or)i\ 1 ^n(F) li • 

The exact sequences ((SJ) and where established for number fields in [Ba2j (I > 2) 
and [We3] (1 = 2). In chapter 5 we define another wild kernel WK n (F) for all n > : 

WK n (F) := ker(if„(F) -> K n (F v ) ) 

We observe that for all n > : 

tra„(F) c K n (0 F ) 

tor 

WK n (F)i C #&(0jr)j 

and if K n (F v )i - K^(F v )i for every v £ Si, then: 

divK n {F)t c ^„(F) ; c X„(O f ) ; . 
The Dwyer-Friedlander homomorphisms [DF] which are surjective: 

if n (F)i -> K^(F)i, 

(see also |Ba2| ) are also split as follows by results of |Ba2| . |Caj . [K] which can 
be extended also to the function field case. We use this to establish the following 
properties of wild kernels and divisible elements (see Theorems 15.1) 15.81 and I5.18P . 

Theorem 1.6. For all n > 1 the Dwyer-Friedlander homomorphisms induce the 
following canonical map: 

K^{0 F )i^divK n (F)i 

which is split surjective. The Dwyer-Friedlander homomorphisms induce the fol- 
lowing canonical map: 

WK n (F)t-^divK n {F)i 
which is split surjective if K n (F v )i K^(F v )i for every v £ Si. 

The first splitting map of the Theorem 11.61 in case of number fields and I > 2 was 
done in |Ng| by use of an argument from |Ba2j . Note that Theorem 11.61 is obvious 
for n odd since in this case div K n (F) = 0. 

Theorem 11.71 below shows that the Quillen-Lichtenbaum conjecture holds modulo 
the wild kernel: 

Theorem 1.7. The Dwyer-Friedlander homomorphisms induce the following canon- 
ical isomorphisms for all n> 1 : 

K n (0 F , s )i/K(0 F )i A K*{p F ,s)i/divK%{F)i 

K n (F)tmO F )i A K!£ (F)i/ divK^ (F)i 
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Theorem 11.81 below shows that the difference between the wild kernels and the 
divisible elements is the obstruction to the Quillen-Lichtenbaum conjecture. 

Theorem 1.8. Let n > 1. The following two conditions are equivalent: 

K n {0 F ) ® *Li A K?(O f [1/1\), 
K%(0 F )i = divK n (F)i. 

Moreover assume that K n (F v )i K^ l t (F v )i for every v € Si. Then the two condi- 
tions above are equivalent to: 

WKn{F)i = divK n {F\. 

At the end of chapter 5, by use of the Rost-Voevodsky theorem, we prove: 

Theorem 1.9. For every n > 1 we have the following equality: 

K^{Op) l = divK n {F) l . 

Assume that K n (F v )i — ^> K^{F v )i for every v £ Si and every n > 1. Then for 
every n > : 

WK n (F) — div K n (F). 

In the number field case the equality K™(Op)i = divK n (F)i, in Theorem II. 9[ 
follows from |Ba2] (for / odd) and |We3] . [Flu] (for 1 = 2). Observe that for < n < 1 
we have WK n (F) = div K n (F) — for obvious reasons. 

In chapter 6 we investigate the obstructions for the splitting of the Quillen lo- 
calization sequence and complete a statement of |Ba2| Cor. 1 and Prop. 1 p. 
293]. Recall, that Tate (see [Mil Theorem 11.6]) proved that there is the following 
isomorphism 

K 2 (Q) = K 2 (Z) © Kx(¥ p ). 

p 

The results concerning the splitting of the Quillen exact sequence for higher re- 
groups of number fields were obtained in |Bal| and |Ba2| . A very special case of 
results of [Bal is the following isomorphism: 

K 2n (Q)i = K 2n (Z)i © K 2n ^{W v ) u 

p 

for n — 3, 5, 7, 9 and / > 2. Moreover for n odd and / > 2 the following conditions 
are equivalent |Ba21 Cor. 2 p. 294] (see also Corollarv l6.6l in section 6): 

K 2n (Q)i = K 2n {1)i © K 2n ^(¥ p )i. 

p 

|w n+1 (Q)C Q (-n)| ; - 1 = 1. 

In this paper, under the assumption that I > 2 and F is a global field with 
char F I (if / = 2 we assume /J4 C f), we get the following result concerning the 
splitting of the Quillen localization sequence that extends the splitting results of 
[Bal) . [Ba2] and [Ca| in the number field case. 
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Theorem 1.10. Letn> 1. The following conditions are equivalent: 

(1) D(n, l k ) = for every < k < k(l), 

(2) D et (n, l k ) = for every < k < k(l), 

(3) K 2n (F) t 5* K 2 n(0 F )i © 0„ iif2»-i(fe )i, 

(4) - ^|*(O f [1/Z]) ; © ©„ K^_ x {k v ) u 

where k(l) is defined by t59\) and i60\) in section 4- 

The group of divisible elements is the obstruction to splitting of the following nat- 
ural boundary map in the Quillen localization sequence: 

Theorem 1.11. Let n > and let k > k(l). The following conditions are equivalent: 

(1) di : K 2n {F)i -> 0, fc | g „_j K 2n -l(k v )i is split surjective, 

(2) D{n)i = 0. 

This implies the following corollary: 

Corollary 1.12. Let F be a totally real number field, n odd and I > 2 or let F be 
a global field of charF > 0, n > 1 and I ^ charF. Then for every k > t/ie 
following conditions are equivalent: 

(1) The following surjective map splits 

di : K 2n {F) t -► if 2 „-i(^)/ 
; fc | gj--l 

(2) 

, Wn(F) W k +i(- F )Cf(-») 1-1 _ 

1 rw^M^) lz 



Observe that |u>„(R)| ; 1 = |ii; n (F)|, 1 = 1 for F totally real, n odd and I odd. 
2. Basic notation and set up 

2.1. Notation. 

(1) ! is a prime number. 

(2) F := a global field. 

(3) p := charF, if charF > 0. 

( the integral closure of Z in F if char F = 
^ ' F 1 the integral closure of F p [i] in F if charF > 
(5) v a place of F. 

{v : v\oo} if charF = 
{v : v\v t -i} if charF >0 
{v : v\l} if charF = 
if charF >0 

(8) Soo,i ■— Soo U Si- 

(9) S a finite set of places of F containing Soo,;. 

(10) Of,5 the ring of S-integers in F. Note that FiSaa = O f . 

(11) F v the completion of F at v. 

(12) F^ 1 the henselization of F at t> (v nonarchimedean if charF = 0) 
{a £ F v : v(a) > 0} if v joo and charF = 



(6) So 

(7) S, 



, , n _ J {a £ F v : v(a) > 0} if v jbo and c 
1 ' " : "({a€F„:«(tt)>0} if charF >0 
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, ., , _ f Of/v = O v /v if v £ Soo and char F > 
( } v : ~ \ O v /v if u G Soo and charF > 

(15) F s the separable closure of F. 

(16) Fg C F s the maximal separable extension of F unramified outside S. 

(17) G F := G(F,/F). 

(18) G s :=G(F S /F). 

(19) W n := W-7 := Qj/Z{(n) for any neZ. 

(20) W n (L) := Wp(L) := H°(G L ,Qi/Z,i(n)) for a field L with charL ^ Z. 

(21) w n {L) := Ili^charL |Wp(£)l whenever \W?{L)\ < oo for every I ^ charL 
and |W"(i)| = 1 for almost every I. 

(22) divA :— {a G A : V me z ^a'eA ma! — a} for an abelian group A, 

(23) DivA :— the maximal divisible subgroup of A, 

(24) A/rm; := A/ DivA. 

2.2. Fields of cohomological dimension < 2. Let L be a field. If L = F 9 is 
a finite field with q elements then cd;(F g ) = 1. If L is a local field it follows from 
pel II, sec. 4.3, Prop. 12,] that cd ; (L) < 2. If L = F is a global field and Z > 2 
then cd;(F) < 2 by (53 II, sec. 4.3, Prop. 11 and Prop. 13,]. If charF = 0, 
then cd2(F) < 2 iff F v = C for every v\oo. It is so because for any m > 3 and 
any 2-torsion, finite G^-module M there is the following natural isomorphism [Mil 
Theorem 4.8 (c) Chap. I]: 

(8) H m (F, M) A H m (F v ,M) 

v real 

Hence if char F = 0, and F does not have real imbeddings then trivially H m {F v , M) = 
for all v\oo, all G(F V /F„)-modules M and all m > 0. This will always be the case 
in this paper since for I = 2 we will assume that /14 C F. 

The localization sequence for etale cohomology [Sol, pp. 267-268] shows that 
cdi(O v ) < 2 for all nonarchimedean v and cd/(0F,s) < 2 for all finite S D Sooj 

Lemma 2.1. Let L be a field such that charL =^ I and /i;oo c L. Assume that 
K%{L') I ' DivK2(L') is torsion for any algebraic extension L'/L. Then cdi(L) < 1. 

Proof. Let L'/L be an algebraic extension. Since /x; c L', by Merkurev-Suslin 
Theorem [MS] : 

(9) K 2 (L')/IK 2 (L') ^> i? 2 (£', Z//(2)) A Br(L')[i] ® Z/IZ(1). 

By assumption K 2 {L')/IK 2 (L') = K 2 {L') l /lK 2 {L l )i. By Suslin theorem [Su2 ( The- 
orem 1.8] if a € F 2 (L')[^] then there is a € £/ such that a = {^;fc, a}. Hence a is 
divisible by I in K 2 (L'\ because /i;oo c L'. This shows that Br(L')[l] = 0. Hence 
cdj(L) < 1 by [Sh, Corollary 2, p. 100]. □ 

Corollary 2.2. Let L be an algebraic extension of a global or local field. Let 
charL I and jKjoo C L. Then cdi(L) < 1. 

Proof. Let L be an algebraic extension of a global field. Observe that for n > the 
K 2n groups of rings of integers in global fields are finite by results of Borel |Boj . 
Harder |Ha| and Quillen |Q2| . Hence by the Quillen localization sequence |Q1| the 
group K 2 (L') is torsion for every algebraic extension L'/L. If L is an algebraic 
extension of a local field then by |Ta3| and |Me| the group K 2 {L') / DivK 2 {L') is 



WILD KERNELS AND DIVISIBILITY IN K-GROUPS OF GLOBAL FIELDS 







torsion for every algebraic extension L'/L. Now the claim follows from Lemma 

o □ 

Let L be a field such that charL ^ I. We have G(L(/j,i^)/L) = A x T where 
A:=G(L(w)/L)andr:=G(L(«~)/L( W ))- 

Lemma 2.3. Let L be a field such that charL ^ I. If I = 2 assume that (14 C -L. 
T/ien a3k{G{L{m<x>) / L) < 1. 

Proof. By assumptions r = Z; if i and r = 1 if /ijt» C £. Moreover 

A C Z/Z x if Z > 2 and A := 1 if I = 2. Consider the spectral sequence for any 
Z-torsion G(L(/i;°o)/L)-module M. 

(10) E™ = H P (A, H q {T, Mj) H p+q (G(L(p^)/L), M). 

E p ' q = for all p > and q > 1 because Z / |A| and cd ; (r) < 1 by [El Chap. IV, 
Cor. 3.2]. Hence H m (G(L{^)/L), M) = for all m > 1. □ 

The following two theorems are straightforward extensions of well know results of 
Tate |Tal| and Schneider [Sch2] to the framework of general fields. 

Theorem 2.4. Let L be a field such that charL 7^ I and fii°o (£ L. If I = 2 assume 
that \i± C L. Let M be a discrete G(L(fiix>) / L) -module. Then 

(11) H 1 (G(L((j,ioo)/L), M ®z W) = 0. 

Proof. Is clear that H 1 (A, M ®z W) = 0. Hence to get (JTTJ) it is enough to prove 
i? 1 (r, M ®z W) = as in |Tal| and apply the inflation-restriction exact sequence. 

□ 

Theorem 2.5. Let L be a field such that charL 7^ I and /i;=o <f_ L. If I — 2 assume 
that /14 C L. Assume that K-z^L') j DivK2(L') is torsion for any algebraic extension 
L' I L(/ii<x>). Then 

!0 if m>2 and n G Z 

if m = 2 and n £ 1 

Br(L)i if m = 2 and n = 1 

Proof. Consider the spectral sequence: 

(13) = H P (G(L(^)/L), H*(G LQAiae)) W n )) => H p+q (G L , W n ) 

Observe that E p ' q = for all p > 1 or q > 1 by Lemmas 12.11 and 12.31 Hence 
H m (G L: W n ) = for all m > 2 and all n G Z and £3'° = E l' 2 = for all neZ. 
If n 7^ 1 then by Theorem l2~4l 

El' 1 = H\G{L{^)/L), H\G L(flloo) , W n )) = 

= H 1 {G{L{m~)/L), L( W ~) x ®z W^ 1 )) = 0. 
Hence H 2 (Gl, W n ) — for n 7^ 1. For n = 1 the long cohomology exact sequence 
associated with the short exact sequence 1 — > fak — > G m — > G m — > 1 and the Hilbert 
90 show that H 2 (G L , fak) = Br [L)[l k ] for each k. Hence H 2 {G Ll W) = Br{L) h □ 

Corollary 2.6. Let L be a global or local field with charL 7^ I. Assume that ^4 C L 
if I = 2. Then the isomorphism holds for L. 

Proof. It is shown in the proof of Corollary |2 . 2l that K% (27) jDivK^ (L') is torsion for 
any algebraic extension V j X(//j°o) . Hence the claim follows from Theorem 12.51 □ 
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2.3. Some useful isomorphisms. Let F be a global field such that /14 C F if 
1 = 2. Then the ^-cohomological dimension of any of the following rings Of,s, F, 
O v , and F v is <2 for every I. Hence the Dwyer-Friedlander spectral sequence |DF] 
Proposition 5.1 shows that for X = specCV.s, specF, spec0„, specif there are 
natural isomorphisms: 

(14) K«(X) S H 2 cont (X, Z,(n + 1)), K* +1 (X) S H^X, Z ; (n + 1)) 

We will often use the following comparison isomorphisms (|15|). (fTT>)) . (fT7|) between 
etale cohomology of some afhne schemes and corresponding Galois cohomology. For 
a commutative ring R with identity and an etale sheaf T on speci? we put: 

H*(R, T) := H* t (specR, T). 

For a field K and an etale sheaf T on specif let Mjf is the discrete Gk '■= 
G(K s / K)-modu\e corresponding to T . Then }M2l Chap. II, Theorem 1.9, Chap. 
Ill Example 1.7]: 

(15) H*(K, F) = H*(Gk, Mjr) 1 



Let v be a nonarchimedean place of a global field F and let T be an etale sheaf on 
specOt,. Let G™ r := Gf v /I v = G(k v /k v ) where I v is the inertia subgroup. Let Mjr 
be the discrete G" r -module corresponding to T . Then [A, Chap. Ill, Th. 4.9] 

(16) H*(O v , J 7 ) = H*(G™ r , Mj) 

Let J 7 be a constructible etale sheaf on spec Of, s an d let Mj be the discrete Gf,s~ 
module corresponding to F. Then [Mil Chap. II, Prop. 2.9]: 

(17) H*(O f ,s, F) = H*(G S , Mj). 

From now on in this paper charF 7^ I and \i± C F if I = 2. 

3. Galois cohomology of local and global fields 

3.1. Tate-Shafarevich groups and Tate-Poitou duality. The r-th Tate-Shafarevich 
group m r s (F,M) for a G^ s -module M is defined as follows (Ml p. 70]: 

(18) m r s (F,M) := ker(H r (G F ,s, M) — > JJ iT(G F „, M)) 

In this paper S is finite. In loc. cit. lH r s (F, M) is defined for any nonempty S 
(containing Soo if chari* 1 = 0). In particular for a Gi?-niodule M : 

(19) UI r (F,M) := ker (H t (Gf, M) — > JJ H r (GF v , M)) 

V 

Observe that for an abelian variety A/F and M = -A(F S ) we have UI 1 (F,A(F)) C 
LU(A/i r ) where LU(A/F) is the classical Tate-Shafarevich group. By Tate-Poitou 
duality (see eg. |M1| Theorem 4.10, Chap. I]) for any finite Gs-module M with 
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order being a unit in Of,s and for the Gg-module M D 
the following perfect pairing 

(20) M) x in|(F, M D ) — ► Q 
Since Z/l k (n) D = X/l k (\ — n) we get perfect pairing: 

(21) in^(F,Z// fc (n)) x LU|(F,Z// fc (l-n)) - 



Hom(M, F ) there is 



Passing on the left and the target of (PHI) to the direct limit and on the right of 
(|2ip to the inverse limit we get perfect pairing: 



(22) 



IH^(F,Q,/Z,(n)) x in|(F,Zi(l-n)) 



Qi/Zj 



Let M be a finite discrete G(F/F)-module. If p M : G(F/F) -> Aut z (M), then 
we put F(M) := F °' PM . Let u be a place of F and let w denote a place of F(M) 
over 1). Consider the following commutative diagram with exact columns c.f. |Nel 
p. 79]: 











H 1 (G(F(M) I F) , M) 



H\G F , M) 



H X (G 



F(M) 



M) 



ILrL, H\G{F{M) W /F V ),M) 



T\ v Xl Mv H\G Fv ,M) 



(M)„ 



M) 



By Chebotarev's density theorem the bottom horizontal arrow is a monomorphism, 
hence UI 1 (F(M),M) = 0. Hence it is clear that the upper horizontal arrow is 
a monomorphism if and only if LU 1 (F, M) = 0. If F(M)/F is cyclic then by 
Chebotarev's theorem there are infinitely many places v such that G(F(M)/ F) = 
G(F(M) W /F V ). So it is clear that in this case the top horizontal arrow is a monomor- 
phism hence UI 1 (F, M) = 0. 

The most interesting case for this paper is M — Z/l k (n), where I ^ charF and 
/14 G F if I = 2. In this case all horizontal arrows in the above diagram are 
monomorphisms. Hence for every n £ Z and every k > 

(23) Ul\F,Z/l k (n)) =0. 

By Tate-Poitou duality (|2"Tj) for every neZ and every k > 

(24) JIL 2 (F,Z/l k (n)) = 0. 



The equalities (|23|) and in the number field case, have already been observed 
by Neukirch |Nel Satz 4.5]. Hence (|2"4")l and the exact sequence of G^-modules 



(25) 







Z/l k {n) W r ' 
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give the following commutative diagram with exact rows and columns: 



H^Gf, W n )/l k °" T > U v H 1 (G Fv ,W n )/l k 

H : \G F ,Z/l\n)) n„ H 2 {G F „, Z/l k (n)) 

This diagram gives the following equality: 

(26) divH 1 (G F ,W n ) = {h : r v (h) £ div(H 1 (G Fv ,W n )), for all v} 

For an abelian group M put M* := Hom(M, Q/Z). For a finite S containing 
Sooj and for a finite Gs-module M Tate-Poitou duality gives the following exact 
sequence. 

(27) 0^H°(G s ,M) -^QH°(G Fv ,M) —+H 2 (G s ,M d Y 

ties 

^H 1 {G S ,M) -^0# 1 (G i , o ,M) -^H l {G s ,M D y 
-> H 2 (G S ,M) — 0i? 2 (G^,M) — >■ H°(G s ,M D y -> 

where for i> archimedean H i (Gp v ,M) is H^(G Fv ,M). Taking M := Z/l k (n) and 
passing to direct limits gives the exact sequence: 

(28) 0^i/°(G s ,Vn -f0fl fl (G,„r) — > # 2 (Gs,Z,(l-n))* 
-> ^(Gs, W n ) — > H 1 (G Fv , W n ) — > ff^Gs, Z,(l - n))* 

We notice that for v archimedean Hj>(Gf v , M) = for an i-torsion Gf„ -module M 
since Gf„ = G(C/M) or trivial and /L/,4 C F if I = 2. Hence in our case there is no 
contribution of archimedean part to the Tate-Poitou exact sequences with Z-torsion 
Galois modules. 

3.2. Divisible elements in Galois cohomology of local fields. For every prime 
v (nonarchimedean if charF = 0) the Theorem 12.51 and Corollary |2.6l give: 

!0 if to > 2 and n G Z 

if to = 2 and n ^ 1 

Br(F v )i = Qt/Zi if to = 2 and n = l 

It follows from local Tate duality |M1| I Corollary 2.3] or [SeJ II, sec. 5.2 Theorem 
2 and the remark following it] , that for each i such that < i < 2 there is a perfect 
pairing 

(30) H*(F v ,Qi/Zi(n)) x H 2 -\F v ,Ml - »)) -► Qi/Zj. 
Hence the following group is finite for every n =/= 1 : 

(31) H 2 (G Fv ,Mn)) £ W 1 -")* = W^ 1 ^), 



WILD KERNELS AND DIVISIBILITY IN K-GROUPS OF GLOBAL FIELDS 



13 



so by <(29j): 

(32) H^Gp^ W n )/Div = H 2 {G F ^% l {n)) for n ^ 1. 
Moreover by Hilbert 90 we have: 

(33) H^Gp^W 1 ) S F* ®Qi/Zi = DivH l {G Fv , W 1 ). 
Hence for any local field F v , any prime I ^ char F v and any n € Z : 

(34) divH^G^, W n ) = Div H 1 (Gp v , W n ). 

By (fTBf . (|31| and ([32]) . for any v £ Si, the boundary map 9„ in the localization 
sequence for O v gives the following isomorphism: 

(35) d v : H l {G F „,W n )/Div ^ H°{G(k~ v /k v ),W n - 1 ) 



Theorem 3.1. There is the following isomorphism: 

(Q I /Z J )[*'- : <M+ 1 if veSi, ne{0,l} 

(Q ; /Z ; ) [F " :Qil if veS h n${0,l} 

Qz/Z, if wg#, ne{0,l} 

if ^S,, {0,1} 



(36) DivH^Gp^W 11 ) S 



Proof. For any finite -module M with order m := |M| prime to char_F!„ the 
Euler characteristic can be computed as follows [Ml, chap. I Theorem 2.8 ]: 

M (r , n \H»{G Fv ,M)\\H*{G F „,M)\ x 
(37) X (G F „,M) := \m(G Fv , M)\ = 1 ° v/n ° v 1 

Hence 

|-[J".:Qi] if v£ Sl 



(38) x(G Fv ,Z/Kn)) = l l ~ 



if « $ S, 



Taking logi in (|38j) gives 

(39) ^dim z/i ^(G^,Z//(n)) ={ : ^ J 

»=o ^ T 1 

Observe that 

(40) *•,«,..»->»{ 2* :;i 

Computing the divisible rank of H 1 (G Fv , W n ) by use of <j29j), ((39]), gOJ and the 
following exact sequence gives the formula (|36[) . 



(41) 0^i?°(G F „,Z/Z(n)) — ff°(G F „,W/ n ) i?°(G F „ , VF") 

-> J ff 1 (Gjp„ ) Z/l(n)) — ^^(G^.r) Aff^G^,^' 1 ) 
-> H 2 (G Fv ,%/l(n)) — > iJ 2 (G F „,W") iT 2 (G F „,W") -> 0. 



□ 



Remark 3.2. Theorem [33] was proved by P. Schneider [Sch2, Satz 4 sec. 3] for 2 > 2 
and char F„ = 0. 
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3.3. Divisible elements in Galois cohomology of global fields. Consider any 
first quadrant spectral sequence El' 3 =>■ E n with n = i + j > 0. The differentials 
4 J ' : Ep j -> E l + r -i- r+1 define E l ;\ Y := ker4'Vim4 _r ' J+r_1 for every r > 2. 
For r > n + 1 we have 4' j = 0. Put E%> := E l r ; 3 +2 = E*l 3 +3 = .... The filtration 
C EH C ^n-i C • • • C -Eq = -E" 1 gives E?/E? +1 = E^. If Sj j = for every i > 2 
then the exact sequence of lower terms extends to the following exact sequence: 

(42) -> Eg' -> -> ^2 :1 -> E 2° -> s i -> S 2' X -> 

Consider the Leray spectral sequence for the natural map j : spec _F — » spec Of,s : 

(43) ^ J = H l (0 F:S , R 3 j*W n ) W n ) 

Since cd;(Gs) = cd;(CVs) = 2 the exact sequence (l4"2"j) gives the following local- 
ization exact sequence in cohomology: 

(44) 0^H 1 (O P , s ,W n ) —>H 1 (F,W n ) -A (§)H°(k v ,W n - 1 ) -»■ 

-> ff 2 (o f , s ,r) —> H 2 (F,iy n ) A0^ 1 (ife 1 „r- 1 ) -> 

By Theorem [33] and Corollary we get H 2 (G F , W n ) = for all n ^ 1. Hence for 
any u / 1 the sequence (|44[) has the following form: 

(45) Q^H x {Ow,s,W n ) — >H\F,W n ) A H ^, f"" 1 ) -> H 2 (O f ,s, W n ) -> 
By |Ta21 Prop. 2.3] there is the following exact sequence: 

(46) -> H X (G S , W")/IKw ->■ # 2 (Gs, Zj(n)) -► # 2 (G S , Qj(n)) -> # 2 (G 5 , W"*) 
P. Schneider defined numbers i n (F) as follows: 

i n {F) :=dim ¥l (DtvH 2 (G s , W n ))[l] 

In other words i n (F) is the number of copies of Q;/Z; in DivH 2 (Gs, W n ). Note 
that i n (F) = iff H 2 {G S , Qi(n)) = since H l (G s , Z;(n)) are finitely generated 
Zj-modules. It is immediate from (1451) that i n (F) does not depend on the finite set 
S and for every finite S containing Si : 

(47) DivH 1 (G F , S) W n ) = Div H 1 (G F ,W n ). 

Conjecture 3.3. (P. Schneider) i n = for all n 7^ 1. 

The following lemma is well known. It was first proven by Soule |Sol|, Theoreme 
5] in the number field case for I > n. We include here a proof that works for all 
global fields and I > 2 provided /Z4 C F if I = 2. 

Lemma 3.4. H 2 (0 Fy s, W n ) = /or any n > 1 and any finite S D Soo,Z- in 
particular i n = /or all n > 1. 

Proof. Consider the following commutative diagram for each n > 1 : 

^ K 2 „- 2 (0F,s)i K 2n -2{F)t ^ 0^ s lTan-s(*.)i ^ 

s- H 1 (O f ,s, W n )/Div s> H 1 (F, W n )/Div © . g H°(k v , f"" 1 ) ^ 
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The top row is exact by Quillen localization sequence |Q1| and results of Soule 
[Sol] Theoreme 3 p. 274], [SoS Theoreme 1 p. 326]. The left and the middle 
vertical arrows are surjective by [DF, Theorems 8.7 and 8.9] and the right vertical 
arrow is an isomorphism by |DF[ Corollary 8.6]. This implies that the bottom 
sequence is also exact. Hence flUJ} shows that H 2 (O f , Si W n ) = for all n > 1. So 
i n = for all n > 1. □ 

Put: 

D n (F) :=div(H l {G F ,W n )/Div) 
The following theorem extends [Sch2, Satz 8 sec. 4]. 

Theorem 3.5. Assume that i n = for n ^ 1. There are the following exact 
sequences: 

(48) -> D n (F) -> H^Gs, W n )/Div -> W n ~\F v ) -> W n ~ 1 (F) ->■ 0. 

(49) -> D„(F) -> ^(Gf, W^V-Dii) -> ^'(F.) -> -)■ 

V 

Proof. Let us prove the exactness of (|48)1 . Substituting n for 1 — n in the first three 
terms of the exact sequence ([28]) ■ dualizing and applying [Ta2, prop. 2.3] gives us 
the following exact sequence: 

(50) H\G S , W n )/Div -> H x (G n , W n )/Div -> W n-1 (F) ->■ 0. 

JJgS 

For every S Z) S'oo.z consider the following commutative diagram: 
*~D n (F) ^H\G F , W n )/Div S-©, H\Gf u , W n )/Div 



^ H x {0 FlS , W n )/Div ^ H\F, W")/Div ^ © <s H°(k v , W"" 1 ) 

The exactness of the top sequence follows by ([26]) and (|34[) . By ([35]) this gives the 
following commutative diagram: 

*-D n (F) **H 1 (Gip, W n )/Div ^©„ H\Gf v , W n )/Div 



D n (F) ^ H x {Of,s, W n )/Div ©„ sS H\F V , W n )/Div 

Hence the exact sequence ([48]) is obtained by connecting the bottom exact sequence 
of the last diagram and the exact sequence (|50|) and applying isomorphisms (|31j) 
and ([3"2"]) . The exact sequence (|4"9"]) is obtained from (|4"5)) by passing to the direct 
limit over S. □ 

Corollary 3.6. Lei n =/= 1 and let i n — 0. For every finite S D Soo,; : 

(51) H„(F) - UI 2 S (F, Z((n)) - IH 2 (F, Z,(n)),. 

Proof. Follows by Theorem (J3HJ) and [Ta2] Prop. 2.3]. □ 
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Let (see (|58|) in the next chapter): 

(52) D et (n) := div Kf n {F) h 

Theorem 3.7. Let n > 0. For every finite S D S'oo,/ there are exact sequences: 

(53) -> D et (n) -> C(O f , s ) -»■ W"(F„) -»• W"(F) -> 0. 



(54) -+ £> et (n) tff* (F); -4 0r(f„)^ -> 

Moreover there is the following equality: 



(55) 



\D et (n) 



Proof. By Lemma 13.41 the sequences (|48|) and (|49|) are exact. Moreover by |DF1 
Prop. 5.1] and [Ta2l prop. 2.3] there are the following isomorphisms: 

K? n {0 FtS ) = H 2 (G F ,s, Zj(n + l))i = H\G F ,s, W n+1 )/Div. 

Kf n {F)i = H 2 (G F , 1i{n + 1)), = ff x (GF, W n+1 )/£>w 

Hence D e *(n) ^ D n+1 {F). Observe that the group ^(G^s, W n+1 )/Div is fi- 
nite. Indeed by |Bo| . |Ha] and |Q2| the group K2n(@F,s) is finite and the Dwyer- 
Friedlander map K2 n (0 Ft s) — > K^Of^) jDFj is surjective. The formula ([55]) 
follows from (fS"3")) because all the terms of this exact sequence are finite. □ 

4. Divisible elements in K-groups of global fields 

4.1. General results on divisible elements. Consider the following commuta- 
tive diagram. The rows are localization sequences and the vertical maps are the 
Dwyer-Friedlander maps [DFJ. 



■K 2n +i(F, Z/l k ) ■ 



® v K 2n (k v , Z/l k ) 



K 2 u(Of, Z/l k 



Kf n+1 {F, Z/l k ) — 5t ® vn Kf n (k v , Z/l k ) KH{0 F [i], Z/l k ) - 

For every k > define: 

D(n, l k ) := Ver(K 2n {0 F , Z/2 fe ) -> K 2 „(F, Z/l k )) = coker <9 
D et (n,l k ) := \aet(K^(Pp[l/t\, 1/l k ) -> i^K-F, Z// fc )) = coker <9 et 



We do not consider coker d and coker <9 e * in the following commutative diagram: 



• K 2n (F, Z/l k ) %■ ©„ K 2n -i{k v , Z/l k ) ■ 



K 2n -i(0 F , Z/l k 



Kf n (F, Z/l k ) £*© , KI^Akv, Z/l k ) Kt-i{0 F \\], Z/l k ) 



WILD KERNELS AND DIVISIBILITY IN K-GROUPS OF GLOBAL FIELDS 



17 



because the isomorphism K 2n -i(0 F ) — K2n-i(F) (resp. the isomorphism -fffn-i (Of [7]); — 
-K-2n-i(F)i) f° r ever y n > 1 and the comparison of Bockstein sequences for Of and 
F (resp. Of [7] and F) show that: 

cokerd = ker( J ftr 2 „_i(O f , Z/l k ) -> K 2n -i(F, 1/l k )) =0 

coker<9 et = ker {K^iOpll/l], Z/l k ) -> K&^F, 1/l k )) =0 

Comparing the Bockstein exact sequences in K-theory for Of and for F (resp. etale 
K-theory for Op[i-/l] and for F) we notice that for each k > 0: 

(56) D{n, l k ) Si ker (K 2n (0 F )/l k -»• K 2n {F)/l k ) Si 

Si K 2n (0 F ) n K 2n {Ff /K 2n (0 F f ". 

(57) D et (n,l k ) Si tex{Kt(0 F [l/l])/l k -> Kf n {F)fl k ) Si 

si Kf n (o F [i/i]) n k 2 1(f)'V^(Of[iA])^. 

Hence for every fe > 1 the group D(n,l k ) (resp. D et (n,l k ) ) is a subquotient of 
K 2n {Op) ( ^ln(OF[l/^]) resp.). Following [BalJ we will abbreviate our notation 
at some places as follows: 

(58) D(n) := divK 2n (F) and D et {n) :^ div Kf n {F)i . 

Applying Bockstein sequences (cf. |Ba2[ Diagrams 2.1 and 2.3, p. 289-290]) for all 
k 3> gives: 

(59) K 2n {0 F )/l k = K 2n {0 F )i and D(n, / fc ) = £>(n)j . 
Moreover for all k 3> we get by similar argument: 

(60) Kll{0 F [l/l])/l k = Kt{0 F [lll])i and £ et (n, / fe ) - D et (n) . 



Let fc(i) be the smallest k such that both conditions (|59")) and (pO)) hold. We observe 
that if I I \K 2 „(O f )\ then D(ra, l k ) = D(n)i = for all k > 1. 

Theorem 4.1. If I > 2 then Vfe > 1 t/iere is £/ie following canonical isomorphism: 

(61) D(n,l k ) = D et (n,l k ) 

If I = 2 £/ien V > 2 £/iere is £/ie following canonical isomorphism: 

(62) D{n,2 k ) ~ D et {n,2 k ) 

If I > 2 then there is the following isomorphism D(n)i = D et (n) or more explicitly 

(63) divK^F^ £* divK? n {F) t 
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Proof. For every I odd and k > 1 (resp. for I — 2 and k > 2) consider the following 
commutative diagram. 

^K 2n +i(F, Z/l k ) K 2n {k v , Z/l k ) ^D(n,l k ) ^0 

^K? n+1 (F, Z/I k )^e„ fI Kf n (k v , Z/l k ) ^D et (n,l k ) ^ 

The right vertical arrow is an isomorphism because the middle vertical arrow is an 
isomorphism [DF, Corollary 8.6] and the left vertical arrow is an epimorphism [DF, 
Theorem 8.5]. The isomorphism flMJ) follows from (JMI), (EOJ), (EB), (E2J)- □ 



Corollary 4.2. For all n > there are the following isomorphisms: 

(64) D(n)i £ D et (n) S D n+1 (F) = in|(F,Zj(n + 1)) = III 2 (F, Z ; (n + 1)). 

Proof. This follows by Lemma 13.41 Theorem 13.51 Corollary 13.61 Theorem 14.11 and 
by the following isomorphism Kf n (F) = H 2 (F, Zi{n + 1)) (DH Prop. 5.1]. □ 

Theorem 4.3. For every n > 1 i/iere are £/ie following isomorphisms: 

(65) lim D(n, Z fe ) = 0, 

fc 

(66) lim D{n,l k ) = D(n) t . 

k 

(67) lim D et (n,l k ) = 0, 

fc 

(68) lim D et (n,l k ) = F> et (n) 

fc 

Proof. The isomorphisms (|6"5"]) . (|6"6"]) . (|(JT|) . (|6"8)) follow by comparing the Bockstein 
exact sequences in K-theory for Of and for F (resp. in etale K-theory for Of\}-/1\ 
and for F). □ 



Proposition 4.4. For every n > 1 : 

(69) Urn K 2n (k v ,Z/l k ) =lim0 K? n (k v ,Z/l k ) = 

fc U fc v 

and the group 

(70) Inn 1 K 2n (k v ,Z/l k ) = Urn 1 Kt(k„Z/l k ) 

k v fc v 

is torsion free. 

Proof. Notice that K 2n {k v ,1/l k ) ^ i^-itMI^] and Kf n {k v , Z/l k ) = K^ l _ 1 (k v )[l k }. 
Because K2 n (k v ,I*/l k ) = K^ n (k v , Z/l k ) by [DF) it is enough to make the proof for 
K-theory. Hence (fBT)]) follows because: 

fm0 K 2n (k v ,Z/l k ) C km J] ^ 2 „(fc„,Z/Z fc ) = 0. 

k v k y 
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Applying the lira — lira 1 exact sequence to the exact sequence: 

-> (B v K 2n {k v ,Z/l k ) -> Y[ K 2n {k v ,Z/l k ) -> J] K 2n (k v ,Z/l k )/® v K 2n {k v ,Z/l k ) -> 
gives the natural isomorphism 

(71) UmH A' 2 n(fc l ,,Z/Z fc )/e„ K 2n (k v ,Z/l k ) £S W ir 2 „(^, Z/Z fe ) 



The group on the left hand side of (|71[) is clearly torsion free. 
Theorem 4.5. For every n > 1 mere is me following isomorphism: 



□ 



(72) 



lim 1 JT n (F, Z/Z fe ) 



Wif^F, Z/Z fe ). 



Moreover there is the following equality: 

(73) W^F^/Z^O, 

and i/ie following exact sequence: 

(74) -» D(n)i lim 1 K 2n+ i(F, Z/l k ) -> lini 1 K 2n (k v ,Z/l k ) 



0. 



Proof. We are going to give a proof that works for all global fields satisfying our 
assumptions set up in section 2. Consider the following Bockstein exact sequences: 



(75) 



K n {F)/l k -> K n (F, Z/l k ) ->■ K n _i(F)[Z fc ] 







(76) -»■ K\F)/l k ->■ Z/Z fe ) -»• X„_i(F) e *p fc ] 

If n = 2m then if 2m -i(OF,s)i = #2m-i(i^ and if 2 t_i(O f ,s)i = Kf m _ x (F\ are 
all finite groups. Since the natural maps K n (F)/l k+1 -> K n (F)/l k and K^(F)/l k+1 
K^(F)/l k are surjective for all n > and all /c > 0, the equality (|73|) follows by 
applying the Zzm — Zzm 1 exact sequence to the Bockstein sequences (|75|) and (|76l) . 

Consider the natural maps 

i : K 2n+1 (0 F<S , Z/l k ) -> ^ 2 „+i(F, Z/Z fc ), 

? et : ^I* +1 (Of,5, Z/^ fe ) Z/Z fc ). 

Since the groups K 2n+ \{<D Ft s, Z/l k ) and if|^ i+1 (Oi? i s, Z/l k ) are finite, the lim — 
lira 1 exact sequence shows that 

]jm 1 K 2n+1 (F,Z/l k )/i(K 2n+1 {0 FS ,Z/l k )) = hV K 2n+1 (F, Z/l k ) 

k k 

^m 1 Kl t n+1 (F,Z/l k )/i et (Kl t n+1 (0 F ,s,Z/l k )) = lim 1 K? n+l {F, Z/l k ). 

k k 

Hence taking into account Theorem l4.3l ([551 Proposition 14.41 and applying the 
lira — lira 1 exact sequence to the rows of following commutative diagram : 



-> K 2n+1 (F, Z/n/i et (K? n+1 (0 F s, Z/l k )) 



-> K 2n+1 (F, Z/l k )/i et (K? n+1 (0 FS ,Z/l k ) 



•©„ Z/Z fe ) 



D(n,l k ) -> 



■e„ r; ^!n(fc„ z/z fe ). 



D et (n,l k ) ->• 
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^ives the natural commutative diagram: 
^ D(n)i ^ W K 2n+1 (F, Z/l k ) 



■fet©,, K 2n (k v , Z/l k ) 



D et (n) ■ 



■W K? n+1 {F, Z/l k ) 



Hence the top row of the diagram is the exact sequence (|74[) and the middle vertical 
arrow is the isomorphism (j?2")) □ 

Theorem 14. II gives the opportunity to compute the order of the group D(n)i. 

Example 4.6. Recall that for n odd, I > 2 and a totally real number field F [Ba2, 
Theorem 3 (ii) p. 289] there is the following formula: 

I w n+ i(F)( F (-n) ,_i 



(77) 



IL|i««(*l) l; 

One gets this formula taking S — Si, applying the equalities and (|S3")) , using 
the theorem of Wiles which states that: 

\H 2 (0 Sl , Z,(n + l))| = \w n+l {FX F {-n)\l 1 . 

Observe that \w n (F)\7~ = 1 for F totally real and I odd. 



Example 4.7. Now let char F = p > and let ¥ q be the algebraic closure of ¥ p in 
F. Let X/¥ q be a smooth curve corresponding to F. This curve is unique up to ¥ q 
isomorphism. Let Z(X,t) denote the Weil zeta function for X. Then put t = q~ s 
and define: 

Cf(s) :=Z(X,q- s ). 
The Leray spectral sequence for the natural map i ; spec F — > X : 

E z 2 ' j = H\X, RH*W n+1 ) => H i+1 {F, W n+l ) 

gives the following exact sequence of the lower terms: 

(78) — -> H 1 (X, W n+1 ) — > H 1 (F, W n+1 ) -^Q)H {k v , W n ) 

V 

By |35|) and the exact sequences (|49|) and (|54|) we obtain for all n > 1 the following 
natural isomorphism: 

(79) D et (n) -H^X, W n+1 ) 

Its is well known c.f. [Ko] p. 202 that \H°(X, W n+1 )\ = |g n+1 -l|~\ \H 2 (X, W n+1 )\ = 
\q n — l| 1 and 

(80) \H\X, W n+1 )\ = \(q n+1 - l)(q n - l)Cx(-n)^ 1 . 

Since F g is the algebraic closure of F p in F we have W k (F) = W k (¥ q ) for all 
k e Z. In particular for all > we have \w k (F)\^ 1 = |tu fc (F g )|f 1 = |<? fc - l|f \ If 
g„ := iVu, then |u; fc (F„)|f 1 = (lUfe^)!, -1 = |<?, fc - ljf 1 . Observe that: 

( F (s) = ( x ( s ) l[ (l-Nv-*) 

V | oo 
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Hence by Theorem 14. II we get: 

\W n (F) w n+ i(F)( F (-n) 



(81) |D(n), 



4.2. Application to the homology of GL. Let us return to the general situation 
where I > 2 and F is a global field of characteristic char F ^ I such that for I = 2 
it is assumed that /x 4 C F. 

Theorem 4.8. For every n > 1, fc > 1 and i > n+1 the kernel of the natural map 

(82) H 2n (GL(0 F ), Z/l k ) -> H 2n (GL(F), Z/l k ) 
contains a subgroup isomorphic to D(n,l k ). 

Proof. Let A be a commutative ring with identity. Comparing the Bockstein exact 
sequences for K-theory of A and for the homology of GL(A) and applying the result 
of Arlettaz |Ar2[ Cor. 7.19] (cf. |Arl| ) we observe that for all Z > n + 1 and k > 1 
the Hurewicz homomorphism 

(83) h 2n : K 2n {A, Z/l k ) -> # 2n (GL(A), Z/Z fc ) 

is injective. Hence the claim follows by the following commutative diagram. 
K 2n (0 F , Z/l k ) ^ K 2n (F, 1/l k ) 

I 

H 2n (GL(0 F ), Z/l k ) ^H 2n (GL(F), Z/l k ) 

□ 

Corollary 4.9. Let n > 1 and I > n + 1. issume t/iai iff* {0 F [l/l]) = D et (n)i 
and I || |Z?(n)/|. Then kernel of the natural map 

(84) H 2n (GL(0 F ), Z/l) -> H 2n (GL(F), 1/1) 
contains a subgroup isomorphic to D(n)i. 

Proof. By Theorem 14. II we have D(n)i = D et (n)i and I?(n, Z) = D et (n, I). Moreover 
by (|57p and the assumptions we have the following isomorphism D et (n)i = D et (n, I), 
hence D(n)i = D(n, I). □ 

Corollary 4.10. Let F = Q and let n > 1 be odd. Assume that I > n + 1 is such 
that I || |w„ + i(Q)Cq(— n)\ t T 1 . T/ien t/ie kernel of the natural map 

(85) H 2n (GL(Z), Z/l) -> H 2n {GL(Q), Z/l) 
contains a subgroup isomorphic to Z/l. 

Proof. Observe that Kf n {Z[l/l]) ^ D et (n)i by Theorem EH] equality ([55]) (see also 
[Ba2] ). Moreover \D(n)i\ = \D et (n)i\ = \w n+1 (Q)Cq(~n)\- 1 by [Ba2l Theorem 3 
p. 289]. Hence the claim follows by Corollary |4.9l □ 

Example 4.11. Let F = <Q>, n = 11 and I = 691. Observe that w 12 (Q)Cq(-11) = 
2 x 691 cf. [Bali p. 343]. Then the kernel of the natural map: 

H 22 {GL{Z), Z/691) -> H 22 (GL{Q), Z/691) 

contains a subgroup isomorphic to Z/691. 



22 



GRZEGORZ BANASZAK 



Example 4.12. Let F = Q, n = 15 and I = 3617. Observe that u>ie(Q)Co(-15) = 
2 x 3617 cf. |Bal| Example, p. 358]. Hence the kernel of the natural map: 

# 30 (GL(Z), Z/3617) -> H 3Q {GL(Q), Z/3617) 

contains a subgroup isomorphic to Z/3617. 

Let E/F q be an elliptic curve given by the Weierstrass equation y 2 — x 3 + 
Ax + B with A, B e F q . Let F := F q (E). Since [F, F 9 (a;)] = 2 the finite field F 9 is 
algebraically closed in F. There is only one point at oo and Foo = F g ((x)). Moreover 
W-FocOIr 1 = knCF,)!, -1 = \q n - l|f x . It was proven by Weil (see [Sil]) that for 
a := 1 + g — |F(F 9 )| there is the following formula: 

z(E ' q ) = R1(W1 

For an elliptic curve over F g the formula (|55l) of the Theorem l3.7l vields the following 
equality Kf n (0 F )^B e \n) h 

Now let q = p a prime number and let E/F p be supersingular. Since \a\ < 2-^/p 
by Hasse theorem and a = mod p then for p > 3 we have a = 0. Hence taking 
s = — n and using (15TT) we get: 



(86) \D(n),\ = 



\l+p 



l+2n I 



p' 



i-l 
U 



Corollary 4.13. Le£ E/F p be a supersingular elliptic curve and let F — F p (E). 
Let n > 1 be odd and I be a prime number such that p = — 1 mod /, I > n + 1 anrf 
^ j (p+i)(2n+i) ^ y^g^ ^ g /j errl g/ y ^/j e natural map: 

(87) J ff 2 „(GL(G F ), Z/I) H 2n (GL(F), Z/l) 
contains a subgroup isomorphic to Z/Z. 

Proof. It is clear that for n odd and / such that p = — 1 mod I and / /f £g±jjyg±!j 
the formula (|86|) yields Z || |D(n);|. Hence the claim follows by Corollary [49] □ 

Example 4.14. The elliptic curve y 2 = x 3 + 1 over F p , for p > 5, is supersingular 
iff p = 2 mod 3 [STJ pp. 143-144]. In particular for p = 29, I = 5, n odd and ri ^ 2 
mod 5 we notice by ([56]) that 5 || |D(n)5|. Hence by Corollary 14.131 the kernel of 
the following map: 

(88) H & {GL{0 Vw{E) ), Z/5) -> i? 6 (Gi(F 29 (F)), Z/5) 

contains a subgroup isomorphic to Z/5. Similarly for p = 41, Z = 7 and any n odd 
such that 7i ^ 3 mod 7 we notice by (f86|) that 7 || |Z?(n)7 1 . Hence by Corollary 
14.131 the kernel of the following map: 

(89) H w {GL{0 ¥il(E) ), Z/7) -)■ ff 10 (Gi(F 4 i(F)), Z/7) 
contains a subgroup isomorphic to Z/7. 

Example 4.15. The elliptic curve y 2 = x 3 + x over F p , for p > 3, is supersingular 
iff p = 3 mod 4, [S3 pp. 143-144]. Again taking p = 19, Z = 5, n odd and n ^ 2 
mod 5 we notice by (|86[) that 5 || |D(n)5|. So by Corollary 14.131 the kernel of the 
following map: 

(90) H 6 (GL(0 ¥ig{E) ), Z/5) -► H 6 (GL(F 19 (E)), Z/5) 
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contains a subgroup isomorphic to Z/5. 

5. The wild kernels and divisible elements 

5.1. Wild kernels and the Moore exact sequence. The following theorem is 
basically known however the results are scattered over a number of papers. Namely, 
surjectivity of the map (p?Tj) is due to [DFJ and surjectivity of for number fields 
was proven in [Ba2]. The splitting of the map (J9TJ) in the number field case was 
settled in |Ba2 and the canonical splitting of the map (|9Tj) in global field case was 
settled in [K] . The splitting of the map (|92"1) for the even K-groups of number field 
was proven in [Caj. For the record we make a very short proof of Theorem 15.11 
pointing out key ingredients. 

Theorem 5.1. For every n > 1 and every finite set S D Si the following natural 
maps are split surjective: 

(91) K n (0 F , s )i -> K*(O f ,s)i. 

(92) K n (F)i -> K%(F) t . 

Proof. If X denotes Op,s or F then by |DF| Theorem 8.5 the left vertical arrow in 
the following commutative diagram is surjective. 

(93) K n+1 (X, Z/l k ) * K n {X)[l k ] > 

K«. X {X, Z/l k ) K*(X)[l k ] 

Hence the right vertical arrow is surjective so K n (X)i — > K^(X)i is surjective cf. 
|Ba2[ Theorem 1] . The surjectivity of the map ([Mj) follows also by surjectivity of 
the maps (pJl"j) for all finite S upon taking the direct limit over S, (cf. [Ba2j the proof 
of Theorem 1). Since the groups K n (0 f,s)i, K^(Of,s)i, are finite for all n > 0, 
and the groups K n {F)i and K^(F)i are finite for all n odd then the splitting for 
the map (pTTj) for all n > (resp. the splitting of the map (|92l) for all n odd) follows 
from the investigation of the right vertical arrow of the diagram (|93")) . cf. the proof 
of [Ba2 , Proposition 2] . For the splitting of the map (f9"2")l with n even we use the 
method of Luca Caputo |Ca) . Namely from the diagram (|93|) we find out that the 
kernel of the map (|§2")) is a pure subgroup of K2 n (F)i and from the diagram of the 
proof of Lemma [321 we get that this kernel is finite. Hence by |Ka[ Theorem 7] the 
map is split surjective. Actually the splitting of both maps (PT|) and (|H2l for 
all n > 1 follows by this method by use of |Kal Theorem 7]. 

□ 

The Wild kernels K™{Op)i and WK n {F) are defined as the kernels of the natural 
localization maps to make the following sequences exact: 

(94) K™{0 F )i -> K n (F) t [] K?(F v )t 



(95) -)■ WK n {F) K n (F) ->■ [] i^„(^) 

where the product is over all places of F. 
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Remark 5.2. By our general assumption in this paper, we will consider the 2-part 
of WK n {F) only for such F, for which ^4 C F, although the definition of WK n (F) 
is for any global field. 

Lemma 5.3. If F is a number field then WK n (F)i maps to zero via 
(96) K n (F)^ H K n (F v ) 

for every I > 2. 

Proof. Choose an imbedding FcC. Take any v' ^ Soq. 

If I = 2 then by assumption Q(i) C F so F v = C for all u e Then F C F$ C 
F C F v = C for every v £ Sao. The map (jlOOl) factors as follows: 



(97) K n (F) -> K n (Fy,) -» J] KnCFi). 

and since K n (F^,) — > K n (F v >) is a monomorphism |BZ2| then WK n (F)2 maps to 
zero via the left arrow of (|97|) . 

If / > 2 then for any u g Soo such that F„ = R consider the imbedding F v C C. 
The group WK n (F)i maps to zero via the left map of composition of maps: 

(98) K n {F) -> K n (F$) -> [] tf„(C). 

The map Ilues K n (F v ) — > YlveS ^ n (C) is an imbedding on the Z-torsion part 
hence WK n {F)i maps to zero via the left map of the composition 

(99) K n (F) — ► J] # n (F„)-> [] K n (C). 



□ 



Lemma 5.4. If F is a number field then K™(Of)i maps to zero via 

(100) K^F)^ [] 

/or every I > 2. 

Proof. For every u' ^ there is a natural isomorphism G F h = Gp v ,. Conse- 
quently there is the natural isomorphism H Z (F^,, Z;(j)) = H' l (F v >, Zi(j)). So the 
map spec F v / — > spec F^, gives the isomorphism of Dwyer-Friedlander spectral se- 
quences |DF1 Prop. 5.1] which yields the isomorphism: 

(101) K*{Fl\)=K*{F v ,). 

Now the proof is very similar to the proof of Lemma 15.31 applying (| 101[) in place of 
[BZT] , □ 

Remark 5.5. Lemmas 15.31 and 15.41 show that the wild kernels defined in this paper 
agree with the wild kernels defined in |Ba2) and |BGKZ| in the number field case . 

Observe that WK n (F) C K n {0 F ) for any glob al field F and n > cf. [BGKZj . 
In the number field case it was proved in [BGKZ] that WK n (F) is torsion. In the 



WILD KERNELS AND DIVISIBILITY IN K-GROUPS OF GLOBAL FIELDS 



25 



function field case K n (0 F ) is torsion for all n > 1 and it is clear that WKq(F) = 
WK\(F) = 0. Hence for any global field F and any n > we get: 

(102) WK n (F) C K n (0 F ) tor 

Hence in particular if F is a number field then the group ^(Oi?); has already 
been defined in |Ba2] and the group WK n (F) has been defined in [BGKZj. 

Consider the following commutative diagram. 

WK n (F)i K n (F)i U v K n (F v ) t - 



K%{O f )i K n {F)i n„ Kn(F v )x 

From this diagram we notice that for any n > and any I > 2 we have: 

(103) WK n (F)i C K%(0 F )i C 
Hence by [Ta2j, Proposition 2.3 p. 261 we observe that 

(104) K^ n (F v ) l =H 1 (F v ,Q l /Z l (n+l))/Div = W n (F v ), 

(105) K?^ 1 (F v ) l *H°{F v ,%/Z l (n+l))/mv*W n + 1 (F v ), 

Hence the group K^(F v )i is finite for any v, any n > 1 and I > 2. This shows that 

(106) dtvK n (F) t c K(0 F ) t C K n {G F )i. 

Applying Quillen localization sequences for rings F: s and O v it is also important 
to notice, that for any finite set S D Si there are the following exact sequences: 

(107) -> WK^F^ -> K n {0 FtS )i -> I] K n(O v )i 

(108) -> X^(Of)/ -► K n (0 F , s )i ->■ J] 

The following theorem gives the analog of the classical Moore exact sequence for 
higher K-groups of global fields. 

Theorem 5.6. For every n > 1 and every finite set S D iSoo.j tftere are i/ie following 
exact sequences: 

(109) -> K% n (0 F ) t A- 2 n(OF,s)i -+0lT(ft) ^ °- 

(110) -+ C(Of)i ^2n(F) ; -4 0f"(F„) -> VK"(F) -> 0. 

v 

In particular: 

nin |^2n(0F,g) ; | 

1 J I^(Of) ; | 1 w n (F) \i ■ 

Proof. It results from Theorems 13.71 and 15.11 The equality (jlllj) follows from (|109j) 
since all terms in this exact sequence are finite. □ 
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Lemma 5.7. For every n > 1 and every I > 2 there is the following exact sequence 

(112) -> divK%{F)x -> -> [] «?(^)J 

Proof. Put n = 2i — j for j = 1,2. Hence by (|14p. by |Ja[ Theorem 3.2] and by 
|Ta21 Proposition 2.3 p. 261], the exact sequence has the following form: 

(113) -»• divK 2l - J (F) l -». H i ~ 1 (GF,%/'Li{i))/Div -»• JJ H 1 '~ 1 (G Fv ,Qi/Zi{i))/Div. 

V 

Let j = 1. Then the map H°(G F ,Qi/Zi(i))/Div -> H°(G Fv ,Qi/Zi(i))/Div is 
trivially injective for each t; and div K2i-i(F) = so (| 1 13|) is exact in this case. 
For ,j = 2 the exactness of ()113[) is the result of Theorem 13.51 □ 

Consider the following commutative diagrams: 

K^(0 F )t K n (F) t n„ K?(Fv)i 



>divK${F)i 

>K%{O f )i — 



K n {0 F , s )i 



0- 



■divK%(F)i 



K c n \0 F ,s) 



The left vertical arrows in both diagrams are identical. 

Theorem 5.8. The left vertical arrows in the diagrams above are split surjective. 
The middle vertical arrows induce canonical isomorphisms for all n > 1 : 



(114) 
(115) 



K^ipp^i/divK^iF^ 
K*{F) l /d l vK*{F) l 



Proof. It follows since the middle vertical arrows in the diagrams above are split 
surjective by Theorem 15. II □ 



5.2. Divisible elements, wild kernels and Quillen-Lichtenbaum conjec- 
ture. We keep working with global fields as stated in the introduction. 

Conjecture 5.9. (Quillen-Lichtenbaum) Let F be a global field and let I > 2. 
Assume that /U4 C F if I = 2. Then for all n > 1 and I =/= charF the natural map: 



(116) 

is an isomorphism. 



1, 



K n (0 F )®Zi ^ K*(O f [ 7 ]) 



It has been known for many years that the Quillen-Lichtenbaum conjecture can 
be reformulated in several ways. Theorem 15.101 below presents some of the ways to 
refermulate this conjecture. 

Theorem 5.10. The following conditions are equivalent: 
(1) K n {0 F ) ® Z ; A K*(O f [\]) for all n > 1, 
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(2) K n {F)i K^(F)i for all n > 1, 

(3) K n (0 F ,Z/l k ) A K% t (0 F [\],Z/l k ) for all k > and n > 1. 

(4) K n (F,Z/l k ) A K^(F,Z/l k ) for all k > and all n > 1. 

(5) hm fc K„(F,Z/7 fc ) -=» ^im fc ^*(F,Z// fe ) for all n > 1. 

(6) K* s (F,Zi) A K^(F) for all n > 1. 

(7) K%(O f )i = divK n (F)i for all n>l. 

Proof. The equivalence of conditions (1), (2), (3) and (4) follows by finite generation 
of K-groups of Of and by comparison of Bockstein and localization sequences 
for Quillen and etale K-theory. Clearly (4) implies (5). Consider the following 
commutative diagram cf. [BZlJ: 

km/ K n+1 (F, Z/l k ) K< ts (F, Z,) lim fe K n (F, Z/l k ) ^ 



. km/ K* +1 (F, Z/l k ) K*(F) hm fe K«{F, Z/l k ) 

where K^ ts (F,Zi) is the continuous K-theory defined in |BZ1| . Hence (5) and The- 
orem 33] implies tkat tke middle vertical arrow in tkis diagram is an isomorphism. 
By [BZlj Theorem 1 this implies (2). Hence we proved tkat (5) implies (4). Tkis 
diagram also skows tkat (5) and (6) are equivalent. By tke diagram following tke 
proof of Lemma I5~7l conditions (2) and (7) are equivalent. □ 

Base on tke proof of Tkeorem 15.101 we easily prove tke following tkeorem. 

Theorem 5.11. For every n > 1 the following conditions are equivalent: 

(1) K n {0 F )®1i -Z*K*(O f [\]), 

(2) K n (F), A K«(F) U 

(3) lim k K n (F,Z/l k ) -=» Um fc K„(F, Z/l k ), 

(4) C(f^,)A^(F), 

(5) K%(0 F )t = divK n (F)t. 

Proof. Exercise for tke reader. □ 

It is well known tkat tke important results on motivic cokomology due to S. 
Block, E. Friedlander, M. Levine, S. Licktenbaum, F. Morel, M. Rost, A. Suslin, V. 
Voevodsky, C. Weibel and otkers (see e.g. [BL] cf. |RW| Appendix B], |Lj, |MV| . 
[R] . |Vlj . |V2] , |VSF| . |We4| ) prove tke Quillen-Licktenbaum conjecture. Let us 
state tkis in tke following tkeorem. 

Theorem 5.12. The Quillen- Lichtenbaum conjecture holds true for F . In partic- 
ular the equivalent conditions in Theorems \5.1U\ and \5.l!\ hold true for F. 

Remark 5.13. Tke proof of Tkeorem 15.121 applies, as some of the key ingredients, 
the spectral sequence connecting the motivic cohomology and K-theory |BL] cf. 
[RWl Appendix B]: 

(117) = H p M q (F, Z/l k (~q)) =* K. p _ q (F, Z/l k ) 

and results of Voyevodsky ( |"VT[ Theorem 7.9] for / = 2 and |V2[ Theorem 6.16] for 
I > 2) giving: 
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(1) H j M {K,Z/l k {i)) - Hi t {K^/l k {€)) for all j < i, 

(2) H> M (F,Z/l k (i)) = if j>i, 

for any field K of characteristic not equal to I . Then one can connect these results 
with the Dwyer and Friedlander spectral sequence |DF[ Proposition 5.2] to get the 
following isomorphism: 

(118) K n (F,Z/l k ) = K^(F,Z/l k ), 

for all I > 2, which is equivalent with the Quillen-Lichtenbaum conjecture (see 
Theorem EHUl). 

Remark 5.14. In 1992 M. Levine [L] observed that Bloch-Kato conjecture for fields 
implies the Quillen-Lichtenbaum conjecture. The Bloch-Kato conjecture is proved 
in |V1[ Corollary 7.5] (for I = 2) and |V2[ Theorem 6.16] (for all I). It is shown 
in |GL| that Bloch-Kato conjecture lead to the computation of the motivic coho- 
mology in terms of etale cohomology, a property that also establishes the Quillen- 
Lichtenbaum conjecture as pointed out in Remark l5.13l 

The Proposition 15.151 and its Corollary 15 . 161 are well known and follow from the 
Gabber rigidity, results of Suslin |Sul| and results of Dwyer and Friedlander [DFJ . 
We include here short proofs. 

Proposition 5.15. Let I be prime to char k v . There are natural isomorphisms: 



(119) K n (O v , Z/l k ) K\O v , Z/l k ) 

(120) K n {O v )[l k ]^K^{O v )[l k ] 

(121) K n (O v )/l k Kt{O v )/l k 
Proof. Consider the following commutative diagram. 

K n {O v ,Z/l k )^^K${O v ,Z/l k ) 



K n {k v ,Z/l k )^^Kf?{k Vl -L/l k ) 

The left vertical arrow is an isomorphism by |Sul[ Corollaries 2.5 and 3.9] . The 
bottom vertical arrow is an isomorphism by [DF, Corollary 8.6] . Hence the top 
horizontal arrow is a monomorphism. Moreover, the top horizontal arrow is an 
epimorphism by |DF) Theorem 8.5 and by comparison of K-theory and etale K- 
theory localization sequences with coefficients for the local ring O v . The maps 
(|120p , (|12ip are isomorphisms by comparison of Bockstein K-theory and etale K- 
theory sequences for O v with corresponding Bockstein sequences for k v cf. |BGKZ] 
Section 2. □ 

Corollary 5.16. Let I be prime to chark v . There are natural isomorphisms: 



(122) 
(123) 



K n (F v , Z/l k )^K%{F Vl Z/l k ) 
K n {F v )[l k ]^K*(F v )[l k ] 
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(124) 



K n (F v )/l k A K%{F v )/l k 



Proof. The isomorphism (|122[) follows by Proposition 15.151 and by comparison of 
K-theory and etale K-theory localization sequences with coefficients. Consider the 
following commutative diagram with exact rows: 



0- 



0- 



K n (O v )i 



K n (F v )t 



K n -i(k v )i 



K-Mi 











The bottom exact sequence is an appropriate etale cohomology exact sequence 
written in terms of etale K-theory. It follows by Proposition 15.151 that the map 
(|123j) is an isomorphism, hence by Bockstein sequence argument the map (|124[) is 
also an isomorphism. □ 

Remark 5.17. If p = char k v then it was proven in |HM] that: 

(125) K n (F v , Z/p k ) A K£(F V , Z/p k ). 
By Bockstein sequence argument the map 

(126) K n (F v )[p k }^K^(F v )[p k ] 
is an epimorphism and the map 

(127) K n (F v )/p k -A K\F v )/p k 
is a monomorphism. 

Consider the following commutative diagram. 

> WK n {F)i K n (F)i Y\ v K n (F v )i 



■divK n {F)i 



Theorem 5.18. Assume that for every v € Si 



(128) 



Then for all n > 1 the left vertical arrow in the diagram above is split surjective. 
Moreover the following conditions are equivalent for all n > 1 : 

(1) K n {F)i K«(F) U 

(2) WK n (F)i = divK n (F) t 



Proof. By theorem 15. II the middle vertical arrow is split surjective. The right ver- 
tical arrow is an isomorphism by Corollary 15.161 and our assumption. This shows 
that the left vertical arrow is split surjective. Hence the left vertical arrow is an 
isomorphism if and only if the middle vertical arrow is an isomorphism. □ 



Under assumption (|128|) the Theorem 15.121 shows that the equivalent conditions in 
Theorem 15 . 1 81 hold true. Summing up results in this section concerning wild kernels 
and divisible elements, we state the following theorem. 
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Theorem 5.19. Let I > 2. For every n > 1 and we have the following equality: 

K{0 F )t = divK n {F)i. 

Assume that K n (F v )i K^(F v )i for every v G Si and every n > 1. Then for 
every n > : 

WK n (F)i = div K n (F)i. 

Remark 5.20. It is easy to observe that WK n (F) = div K n (F) = for < n < 1. 

6. Splitting obstructions to Quillen boundary map 

Observe that the |Ba2[ Diagram 2.5] and the corresponding diagram for etale 
K-theory and also [Ba2], Diagram 3.2 extend naturally to the global field case and 
I > 2. Hence by analogues arguments as the ones in loc. cit. we get for every k > 1, 
every n > 1 the following commutative diagram with exact rows: 

. . . K 2n (F)[l k ] ©, #a„-i(*.)[i*] D(n, l k ) 

• • • K? n (F )[l k ] >- ® vn Kt n ^{K)\l k ] ^ D et (n, l k ) 

Actually the rows of this diagram have the following form: 

(129) -)■ K 2 „(0 F )[l k ] -> K 2n (F)[l k ] -)■ (Bv K 2n -i{k v )[l k ] -> D(n, l k ) ->• 0. 

(130) Kt{0 F )[l k ] -> Kf n {F)[l k ] ® v Kf n ^(k v )[l k ] -> D et (n,l k ) -> 0. 
Taking direct limit in (|129p gives the Z-part of the Quillen localization sequence 

(131) — > if2n(Of)i — > K 2 n(F)l ® v K 2n -l(k v )i ->0. 

which also implies the property ()65|) . 

Recall the definition of the numbers in section 4. Define 

(132) 7V := ]J l k(l K 

l | |*r 2 „(0 F )| 

The exact sequence f| 129[) for every Z shows that for every positive integer N such 
that N \N we have the following exact sequence: 

(133) -)■ J R- 2n (C'F) -> /f 2 n(F)[iV] ->■ JGm-i (*»)[#] -> D(n) -> 0. 

The exact sequence (|133[) shows that the group .D(n) is an analog for higher re- 
groups of the class group CI (Of)- Recall that the class group appears in the exact 
sequence: 

(134) -> Ki{Of) -»■ JTi(F) lfo(&») -> C/(Of) -> 0. 
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Remark 6.1. To determine whether a map of two Z-torsion abelian groups is split 
surjective I considered in |Ba2[ p. 293 and p. 296] obstructions to the splitting via 
l k truncations of this map. Working throughout |Ba2) with k 3> I did not consider 
on p. 293 loc. cit. the cokernels of the l k truncation of d for k < k(l). By (|129p the 
cokernel of the I trancation of d is D(n, l k ) and in particular for k > k(l) we have 
D(n)i = D(n,l k ). As a result in |Ba2|, Corollary 1, p. 293] I have an incomplete 
statement. The Proposition 16.21 below completes the statement of [Ba2, Corollary 
1, p. 293]. The proof of the Proposition 16.21 below is the same as the the proof of 
|Ba2[ Corollary 1, p. 293] by considering l k truncations for all k > not just for 
k > k(l). The gap in the statement of [Ba2] Corollary 1 p. 293 has been noticed by 
Luca Caputo in |Ca| . 

Proposition 6.2. The following conditions are equivalent: 

(1) D(n, l k ) = for every < k < k(l), 

(2) K 2n {F)i Si K 2n {0 F )i © ©„ K 2n ^(k v )i 

Proof. (2) implies K 2n (F )[l k ] ^ K 2n {0 F )[l k ] © ®„ K 2n -i{k v )[l k ] for every k > 
hence D(n, l k ) = for every k > by (fi29]l . 

Now assume (1). By definition of k(l) we note that D(n, l k ) — for every < k < 
k(l) if and only if D(n,l k ) — for every k > 0. Hence by (|129[) there is an exact 
sequence for every k > : 

(135) -> K 2n {0 F )[l k ] -+ K 2n (F)[l k ] K 2n ^(k v )[l k ] 0. 

V 

The groups K 2n _i(k v ) are finite cyclic. Hence for every v we can choose k > 
that K 2n ^i(k v )i = K 2n -i(k v )[l k \. Hence the exact sequence (|135[) allows us to 
construct a homomorphism A„ : K 2n -\(k v )i — > K 2n (F)i such that for every element 
Cv G K2n-i{kv)l we get <9(A„(£„)) = (..., 1, £ v , 1, ...) G 0„ K 2n -i{k v )i. Hence the 
map 

A:= JJ A„, 

V 

A : tf 2 „_i(M; -> ^2n(^)/ 
clearly splits 9 in the Quillen localization sequence (I131[) . □ 

Proposition 6.3. The following conditions are equivalent: 

(1) D et (n,l k ) = for every < k < k[l), 

(2) K%f l (F)i Si Kt{0 F [l/l])l © ©„ 

Proof. The proof is precisely the same as the proof of Proposition 16.21 with use of 
the exact sequence f|130[) . □ 

Theorem 6.4. 27ie following conditions are equivalent: 

(1) D{n,l k ) = /or every < k < k(l), 

(2) D et (n,l k ) = for every 0<k<k{l), 

(3) K 2 „(F)i Si K^iOp^ © 0„ if 2 „-i(fc„)/, 

(4) = ^(O f [1/Z]), © ©„ X^.^*,,)!. 

Proof. It follows by Theorem l4.11 Propositions l6.21l6.3l and the definition of fc(i). □ 
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Observe that for any totally real number field F any odd n > and any odd prime 
number I we have 

\K*(O f [1/Q)\ = \w n+1 (FX F (-n)\^. 
The following corollary is a correction of [Ba2j Proposition 1 p. 293. 

Corollary 6.5. Let n be an odd positive integer and let I be an odd prime number. 
Let F be a totally real number field such that Y[ v \i w n(F v ) — 1. The following 
conditions are equivalent: 

(1) The following exact sequence splits 

-► K 2n {0 F )i -+ ^2„(F) Z A e„ K 2n -x{k v )i -+ 0. 

(2) 

\w n+ i(F){ F (-n)\^ = 1 

Proof. In our case \D(n)i\ = |w n+ i(F)CF(-n)|; _1 , (see ([77]) ) . Moreover, by The- 
orem HIH for every fc > we have D(n,l k ) = D et (n,l k ) and D et (n,l k ) is a sub- 
quotient of i^f^(Oi?[l/l]). In addition, as we observed before, D(n)i = D(n,l k ) for 
3> 0. Hence in the assumptions of the corollary D(n,l k ) = for all fc > iff 
|w n +i(i 7 ')CF(— = 1- Hence the corollary follows by Corollarv l6.2l □ 

Corollary 6.6. Let n be an odd positive integer and let I be an odd prime number. 
The following conditions are equivalent: 
(1) The following exact sequence splits 

-> K 2n (Z) -> Jfan(Q) A 9, #2„-l(fc„) -> 0. 

(2) 

K+iCQXaC-n)!, -1 ^ 

Proof. It follows from Corollarv lG. 51 since |u>n(Qi)|r = ^ 

Remark 6.7. Take F = F p (x). Then = F p [x]. By the homotopy invariance |Q1| 
Corollary p. 122 we have -ff n (F p [x]) = K n (¥ p ). Hence the boundary map in the 
localization sequence gives the following isomorphism: 

K 2n (¥ p (x)) A ® v K 2 „-x(k v ) 

In particular D(n) = divK2n (F p (x)) = 0. 

Let l k ° be the exponent of the group K 2n (0 F )i. 

Lemma 6.8. For every fc > 1 and every fc' > fc + fco : 

(1) the natural map D(n, l k ) — > D(n, l k ) is trivial, 

(2) ©„ K 2n ^{k v )[l k ] C d{K 2n {F)[l k ']). 

Proof. Statement (1) follows from the commutative diagram with exact rows: 
D(n,l k ) K 2n (Op)/l k K 2n (F)/l k 

ik — k jk — k 

D(n,l k ') K 2n (0 F )/l k ' K 2n (F)/l k ' 
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since the middle vertical map is trivial by definition of ko- 

Statement (2) follows from (1) and the following commutative diagram with exact 
rows: 

K 2n {F)\l k \ ffi K.,„. (k r )\l"" Din. /'■') 



K 2n {F)[l 



fe'l 



%)[l k \ D(n,l k ) 

o 

® v K 2n ^{k v )[l k '] D(n,l k ') 



since the left and the middle vertical arrows are natural imbeddings. 



□ 



For any k > k(l) let us define 

(1) ^2n-i(M; : = K 2n -i{k v ) l 

V lk\ q n_l 
(2) 

^2n-i(fc«)j:= #2„-i(fc«)i 

Theorem 6.9. Let F be a global field, n > 1 and I be any prime number. The 
following conditions are equivalent: 

(1) D(n) l = 0, 

(2) the following surjective map splits 

(i) 



di : if 2n (n^0 ^2„-i(fc„);. 



Proof. For each k' > k consider the following exact sequence 



(136) K 2n (F)f] A (1) K 2n ^(k v )[l k '} W K 2 „-i(fc„)[Z fe '] L>(n), -+ 0. 

where 9 = d\® d 2 . Assume that D{n)i = 0. Hence for each k' > k the following 
map is surjective: 



(2) 



(137) 



K 2n {F)[l k '] K 2n -i(k v )[l k ']. 



So for each u such that l k \ q™ — 1 we take k 1 > k such that Z fc — 1 and we notice 
that there is a homomorphism 

A„ : K 2n ^ 1 (k v ) l -+ K 2n (F) l 

such that 

dioA v (£ v ) = (. ..,1, £„, 1,...), 
for any ^ e K 2n -\(k v )i. It is clear that 



Ai : Jf2n-l(fe»)i ^2„(F) ; 



Ar := A 



splits 9i. 
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Assume now that d\ is split surjective. Consider the exact sequence (|136|) for 
k 1 = k + fco . For such k! by Lemma 16.81 we have 

(2) 



d 2 (K 2n (F)[l k '}) C " ' K 2n _ x {k v )[l k '] = 



(138) = (2) if 2 „-i(M[/ fe ] C ®K 2n _ x {k v )[l k ] C d(K 2n (F)[l k '}). 

V V 

On the other hand d\ is split surjective hence 0„ K 2n -x(k v )[l k '] — d\(K 2n (F)[l k ']) . 
Since d = d x ® d 2 then by (138]) we see that dx{K 2n {F)[l k ']) C d{K 2n {F)[l k ']). 
Hence again by (I138[) the map d in the exact sequence (|136[) is surjective. Hence 
D(n)i = 0. " □ 

Corollary 6.10. Let F be a totally real number field. Let n be an odd positive 
integer and let I be an odd prime number. The following conditions are equivalent: 

(1) The following surjective map splits 

di : K 2n (F)i ^0 (1) X 2 „_i(Mi 



(2) 

I w n+ i(F)C F (-n) i-i 
1 T\ vll v>n(F v ) I' 



= 1 



Proof. By [Ba2] Theorem 3 p. \D(n)i\ = l ^fp^ffey^ lr 1 - Hence the corollary 
follows by Theorem 16.91 □ 

Corollary 6.11. Lef F be a global field of charF > 0. Let n > 1 be an integer and 
let I 7^ charF. The following conditions are equivalent: 

(1) The following surjective map splits 

01 : K^F^ -> (1) K 2n ^{k v )i 

V 

(2) 

I W n (f) W n+ l(F) 1-1 _ , 

1 n„ioo^(^) lz 

Proof. Due to (fSTj) the corollary follows by Theorem 16.91 □ 
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